
VII.5 Relation between π1 and H1

�������� 1 There exists a natural homomorphism χ :π1(X, x0)→ H1(X)
[α] 7→ {α}

and if X is path connected, χ is onto and kerχ = [π1, π1] a commutator sub-
group of π1 (i.e., H1 = π1/[π1, π1] is an abelianization of π1.)

�	�
���� (1) χ is well-defined i.e., α
F
' β ⇒ {α} = {β}(α ∼ β).

x0

α

x0

β

F
−→

e2

e0 e1

β

α

x1
0

↓ q

α

β

F = σ

σ �� � ���������� ����! �" #%$&(')+*-,/.102
∂σ = x1

0 − β + α
and ∂x2

0 = x1
0 − x1

0 + x1
0 = x1

0

where xp
0 : 4p → {x0} is con-

stant map.3 ,/4�,65%7
, α ∼ β.

(2) χ is a homomorphism i.e., [α ∗ β] 7→ {α}+ {β}
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X C , path connected
4�, C , #%$& *-,/.102 ,

(3) χ is onto :
Given z ∈ Z1(X), z =

∑

niαi, ∂z =
∑

ni(αi(1)− αi(0)) = 0.
Fix paths η0

i and η1
i from x0 to αi(0) and αi(1) for each i such that αi(0) =

αj(1)⇒ η0
i = η1

j .

Let γi = η0
i ∗ αi ∗ η1

i . Then,

χ(Π[γi]
ni) = {Σniγi} = {Σni(η

0
i + αi − η1

i )} = {Σniαi} = {z}

(4) kerχ = [π1, π1].
kerχ ⊃ [π1, π1] : clear since H1 is abelian.
kerχ ⊂ [π1, π1] :
Suppose χ[γ] = {γ} = 0, i.e., γ = ∂c, c =

∑

niσi ∈ S2(X).

Then, γ = ∂c =
∑

ni∂σi =
∑

ni(σ
(0)
i − σ

(1)
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(2)
i ).
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Fix paths η0
i , η
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2
i for each vertex of σi as

before.
Let β0
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i σ
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1
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Then βi := β0
i β
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Now compare γ and
∏

βni

i .
Note that [γ] = [γ][βni

i ]−1 = [γ ∗ βni

i ] ∈ [π1, π1] by the following claim.

Claim Let δ =
∏

αεi

i (αi: paths and εi = ±1) be a loop.
exp(αi) = 0⇒ [δ] ∈ [π1, π1] (exp(αi) DE F αi

') G "IHJ KMLN )
proof of Claim

Define η0
i , η

1
i as before. Then,

δ = Παεi

i ' Π(η0
i ∗ αi ∗ η1

i )
εi

Let δ be the coset of [δ] in π1/[π1, π1]. Then writing βi = η0
i ∗ αi ∗ η1

i we have

δ =
∑

i

εiβi =
∑

βi

exp(αi)βi = 0

where the last summation is over distinct βi’s (i.e., over αi’s).
Therefore, [δ] ∈ [π1, π1]

OP QSRUT 23. Compare π1(Σg) and H1(Σg) using the earlier computations of these.
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